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We study both mean-eld and full quantum dynamis of symmetry-breaking transitions (SBTs)
in a oupled two-omponent Bose-Einstein ondensate. By ontrolling s-wave sattering lengths
and oupling strength, it is possible to stimulate SBTs between normal and spontaneously polarized
ground states. In stati transitions, the probability maxima of full quantum ground states orrespond
to the mean-eld ground states. In dynamial transitions, due to the vanishing of exitation gaps,
the mean-eld dynamis shows universal salings obeying Kibble-Zurek mehanism. Both mean-
eld and full quantum defet modes appear as damped osillations, but they appear at dierent
ritial points and undergo dierent osillation regimes. The anomalous breakdown of mean-eld
dynamis indued by SBTs depends on the approahing diretion.
PACS numbers: 03.75.Kk, 03.75.Mn, 64.60.Ht, 05.30.Jp
In a many-body quantum system, spontaneous symme-
try breaking (SSB) ours if its mean-eld (MF) states do
not possess symmetry of its original many-body Hamil-
tonian. Sine atomi Bose-Einstein ondensates (BECs)
have long ollision times, they are exellent andidates
for testing intrinsi mehanisms of the SSB [1℄. In par-
tiular, the simultaneous realization of superuidity and
magnetism (or spin polarization) in spinor BECs is asso-
iated with the SSB related to both external and internal
degrees of freedom. For spin-1 BECs, the experimental
observation of SSB [2℄ has triggered several theoretial
studies [3, 4℄. For spin-
1
2 (two-omponent) BECs, the
phase separation has been observed experimentally [5℄,
and their spatial SSB [6℄ and spontaneous spin polariza-
tion [7℄ have been predited theoretially.
It is well known that, in slow proesses, the gapped
exitations over zero-temperature ground states obey
Landau-Zener mehanisms. However, gapless exita-
tions appear in almost all systems with SSB. Beause of
the gapless exitations, the adiabatiity breaks down [8℄
and the generated defet modes [3, 4, 9℄ follow Kibble-
Zurek (KZ) mehanisms [10℄. The urrent studies of
dynamial mehanisms for SBTs fous on lattie sys-
tems [8, 9, 11, 12℄, spin-1 BECs [3, 4℄ and other many-
body systems by employing either MF [4, 11℄ or full
quantum (FQ) [3, 8, 9, 12℄ theories. However, (i) few
works ompare the MF and FQ dynamial mehanisms
near a ritial point to explore regimes of orrespon-
dene, and (ii) the dynamial mehanisms for SBTs in
two-omponent BECs are still not learly understood.
In this Letter, we analyze both MF and FQ dynam-
ial mehanisms for SBTs in a oupled two-omponent
BEC. For simpliity, we only onsider the SSB related
to internal degrees of freedom, i.e., two hyperne spin
states. In stati transitions, the MF ground states or-
respond to the probability maxima of the FQ ground
states. If the oupling strength inreases from zero to a
suiently large quantity, the MF ground states trans-
fer from being spontaneously polarized (self-trapped) to
non-polarized (normal). Correspondingly, the two lowest
FQ eigenstates transfer from being quasi-degenerated to
non-degenerated. In dynamial transitions, due to the
disappearane of gaped Bogoliubov exitations, the MF
dynamis obeys an universal KZ mehanism and the de-
fet modes are indued by dynamial instability. Due
to the non-identity of the FQ and MF ritial points,
the MF breakdown indued by SBTs depends on the ap-
proahing diretion. The dynamial mehanism of SBTs
onnets with the quantum adiabatiity, whih provides
various appliations in atomi physis, ondensed matter
physis and non-equilibrium dynamis, and partiularly
in adiabati quantum omputation [13℄.
We onsider a gaseous BEC of bosoni atoms whih
populate two hyperne levels oupled by external elds.
Assuming that the oupling elds are spatial uniform and
the atom-atom interations do not hange the internal
states, the system obeys a seond quantized Hamilto-
nian [14℄,
H(t) = H0 +Hint +Hc(t),
H0 =
∑
j=↑,↓
∫
Ψˆ+j (~r)
(
−~
2∇2
2m
+ V + ǫj
)
Ψˆj(~r)d
3~r,
Hint =
1
2
∑
j,k=↑,↓
Ujk
∫
Ψˆ+j (~r)Ψˆ
+
k (~r)Ψˆk(~r)Ψˆj(~r)d
3~r,
Hc(t) = −~Ω(t)
2
∫ (
Ψˆ+↑ (~r)Ψˆ↓(~r) + Ψˆ
+
↓ (~r)Ψˆ↑(~r)
)
d3~r.
Here, m is the single-atom mass, V = 12mω
2r2 is the
trapping potential, Ω(t) ≥ 0 is the oupling strength, ǫj
are the hyperne energies, Ψˆj(~r) are the eld operators,
and Ujk = Ukj = 4π~
2ajk/m are interation strengths of
2atoms in states |j〉 and |k〉 parameterized by s-wave sat-
tering lengths ajk. To analyze dynamis only assoiated
with internal degrees of freedom, we apply a single-mode
approximation [14℄: Ψˆj(~r) = bˆjφ(~r), that is, assume that
all atoms oupy the same single-partile external state
φ(~r). Thus the Hamiltonian is simplied as follows:
H = −~Ω(t)
2
(
bˆ+↑ bˆ↓ + bˆ
+
↓ bˆ↑
)
+G↑↓bˆ
+
↑ bˆ
+
↓ bˆ↓bˆ↑
+
∑
j=↑,↓
(
E0j bˆ
+
j bˆj +
1
2
Gjj bˆ
+
j bˆ
+
j bˆj bˆj
)
, (1)
where E0j =
∫
φ∗(~r)
(
−~2∇22m + V (~r) + ǫj
)
φ(~r)d3~r and
Gjk = Ujk
∫ |φ(~r)|4 d3~r. This simpliation an su-
essfully desribe the system of uniform polarization.
The Hamiltonian is equivalent to a Bose-Josephson jun-
tion [15, 16, 17℄, whih an be realized by a BEC in a
double-well trap [18℄. In ontrast to the double-well sys-
tems, in whih negative harging energies EC ∝ as may
ause spatial ollapse, the two-omponent systems sup-
port negative EC ∝ (a↑↑ + a↓↓ − 2a↑↓) with all positive
ajk.
In MF theory, by introduing variational trial states
|Φ〉 as oherent states [19℄, ψ∗j = 〈Φ|bˆ+j |Φ〉 and ψj =
〈Φ|bˆj |Φ〉 obey the lassial Hamiltonian:
HMF = −~Ω(t)
2
(
ψ∗↑ψ↓ + ψ
∗
↓ψ↑
)
+G↑↓ |ψ↑|2 |ψ↓|2
+
∑
j=↑,↓
(
E0j |ψj |2 + 1
2
Gjj |ψj |4
)
. (2)
Rewriting ψj =
√
Nj exp(iθj) in terms of the partile
numbers Nj and phases θj , we denote l = (N↑ −N↓)/2,
L = (N↓ + N↑)/2, ∆ = E0↑ − E0↓ + L(G↑↑ − G↓↓) and
EC = G↑↑ + G↓↓ − 2G↑↓. It has been predited that
spontaneous spin polarization, a type of SSB related
to self-trapping and bi-stability [15, 20℄, an appear
when EC < 0 [7℄. For symmetri systems (∆ = 0)
of negative EC , the SBT ours if |~Ω/EC | varies
from |~Ω/EC | > L to |~Ω/EC | < L. Correspond-
ingly, the MF ground state hanges from (ψ↓, ψ↑) =
(
√
L,
√
L) exp (iθ↓) to (
√
L− ls,
√
L+ ls) exp (iθ↓),
where ls = ±
√
L2 − ~2Ω2/E2C . Below, we will fous on
the SBTs in symmetri systems of EC < 0.
First, let us analyze the MF-FQ orrespondene for
stati SBTs. It is obvious that the FQ ground state
appears as an SU(2) oherent state if EC = 0, and
the ground and rst exited states beome degenerate
if Ω = 0 and EC < 0. For other arbitrary parameters,
our numerial results show that the FQ ground states are
always symmetri with respet to l = 0 and the proba-
bility distributions hange from single-hump shapes to
double-hump ones when ~Ω/EC passes the ritial point
~Ω/EC = −L. However, the rst exited states are al-
ways anti-symmetri with respet to l = 0 and the prob-
ability distributions retain double-hump shapes.
The probability distributions and degeneray proper-
ties of the low-energy FQ states are reminisent of a single
quantum partile onned within a potential that varies
from single-well to double-well onguration. By om-
paring the FQ and MF ground states, it is easy to nd
that the MF ground states orrespond to the probability
maxima of the FQ ones. Beause the quasi-degeneray
between the two lowest FQ states requires almost iden-
tial probability distributions for these two states, the
MF bifuration point is not idential to the degener-
ay point for the two lowest FQ eigenstates. In Fig. 1,
we demnstrate the MF-FQ orrespondene for the stati
SBT in a symmetri system of total partile number
N = N↓ + N↑ = 100 and EC < 0. The superritial
pithfork bifuration of the MF stationary states signals
the stati SBT. Similar bifurations have also been found
in rotating BECs [21℄. Due to the appearane or dis-
appearane of unstable or stable stationary states, the
bifuration ould ause dynamial instability.
Figure 1: The MF-FQ orrespondene for stati SBTs in a
oupled two-omponent ondensate of N = 100 and nega-
tive EC . The FQ states are dened as |Ψ〉 =
P
L
l=−L
C(l)|l〉
and the probability distributions |C(l)|2 versus Ω/EC for the
ground (rst-exited) states are shown in the above (bottom)
panel. The solid and dashed lines are stable and unstable MF
stationary states, respetively.
Now, let us onsider the dynamial SBTs. In a dynam-
ial proess, there exist two harateristi time sales [4℄.
One time sale is the reation time, τr(t) = ~/∆g(t),
whih haraterizes how fast the system follows eigen-
states of its instantaneous Hamiltonian. Here, ∆g(t)
is the instantaneous exitation gap over the ground
state. The other timesale is the transition time, τt(t) =
∆g(t)/ |d∆g(t)/dt|, whih tells us how fast the system
is driven. If and only if τr < τt, the system undergoes
adiabati evolution.
3To obtain the exitation modes over MF ground states,
we perform a Bogoliubov analysis. Apart from a trivial
gapless mode, there exists a gapped mode:
∆g =
{
~
√
Ω (Ω− Ωc), for Ω ≥ Ωc,
~
√
Ω2c − Ω2, for Ω ≤ Ωc,
(3)
where Ωc = |ECL/~|. Obviously, the gap ∆g gradually
vanishes when Ω approahes the ritial point Ωc.
To analyse the dynamial mehanism, we suppose
Ω(t) = Ωc (1± t/τq) = Ωc ± βt, where τq denotes
the quenhing time. The relative oupling, ε =
|(Ω(t)− Ωc) /Ωc| = |t| /τq, orresponds to the relative
temperature in KZ theory [10℄. Due to the gap ∆g → 0
when |Ω− Ωc| → 0, the adiabatiity breaks down when
Ω → Ωc and then revives after Ω passes Ωc [see panel
(a) of Fig. 2℄. The time of τr
(
tˆ
)
= τt
(
tˆ
)
, where
adiabati-diabati transition ours, orresponds to the
freeze-out time in KZ theory [10℄. In the single-stable re-
gion, Ω > Ωc, introduing Ωˆ(t) = Ω(t) − Ωc, we have
τr =
1q
Ωˆ(Ωˆ+Ωc)
and τt =
2Ωˆ(Ωˆ+Ωc)
Ωc(2Ωˆ+Ωc)
τq. By solving
τr
(
tˆ
)
= τt
(
tˆ
)
, we obtain the relation
τq =
(
2Ωˆ + Ωc
)
Ωc
2
[
Ωˆ
(
Ωˆ + Ωc
)]3/2 = 2ε+ 1
2 [ε (ε+ 1)]
3/2
τ0, (4)
where τ0 = 1/Ωc. For slow transitions, τq ≫ 1, we nd
∣∣tˆ∣∣ ≈ 2−2/3τ2/30 τ1/3q , ε ≈ 2−2/3τ−2/30 τ−2/3q . (5)
In the bi-stable region, Ω < Ωc, introduing Ωˆ(t) =
Ωc − Ω(t) , we have τr = 1q
Ωˆ(2Ωc−Ωˆ)
and τt =
Ωˆ(2Ωc−Ωˆ)
Ωc(Ωc−Ωˆ)
τq. Similarly, at the freeze-out time tˆ, we have
τq =
(
Ωc − Ωˆ
)
Ωc[
Ωˆ
(
2Ωc − Ωˆ
)]3/2 = 1− ε
[ε (2− ε)]3/2
τ0. (6)
For slow transitions, it is easy to nd
∣∣tˆ∣∣ ≈ 12τ2/30 τ1/3q and
ε ≈ 12τ
−2/3
0 τ
−2/3
q .
The universal salings
∣∣tˆ∣∣ ∼ τ2/30 τ1/3q and ε ∼
τ
−2/3
0 τ
−2/3
q reover the KZ mehanisms:
∣∣tˆ∣∣ ∼
τ
1/(1+zν)
0 τ
zυ/(1+zν)
q and ε ∼ τ−1/(1+zν)0 τ−1/(1+zν)q with
z = 1 and ν = 1/2, for ontinuous quantum phase tran-
sitions [4, 10℄.
Due to the adiabati ondition beoming invalid near
the ritial point, the defet modes ould be stimulated.
In Fig. 2, we show the dynamis of SBTs in the MF
system. In our simulation, the initial state is hosen as
a symmetry-broken ground state in the bi-stable region,
and Ω is ramped up from below to above Ωc. For dierent
ramping rates, we alulate the longitudinal polarization
and the delity to instantaneous ground states. The re-
sults show that the MF defet modes appear as damped
osillations with β-dependent amplitudes [see panels (b)
and () of Fig. 2℄. The defet generation via dynamial
insatiability is similar to the vortex nuleation in rotating
BECs [21℄. Interestingly, the defet modes beome sig-
niant after the revival of adiabatiity when the system
has passed the ritial point, but not after the breakdown
of adiabatiity when the system approahes the ritial
point. This indiates that the system has no suient
time to omplete a whole intrinsi osillation in the in-
terval between the breakdown and revival of adiabatiity.
Beause of this, the system tries to keep its present state
when the adiabati ondition is invalid.
Figure 2: The MF dynamis of SBTs in Hamiltonian (2).
(a) The τt and τr, (b) the longitudinal polarization (N↑ −
N↓)/2, and () the delity to instantaneous ground states
versus Ω/EC for dierent values of β. Parameters are hosen
as N = 100, G↓↓ = G↑↑ = 1.0, G↑↓ = 2.0, and E0↓ = E0↑. So
that, EC = −2.0 and ∆ = 0.
To explore the orrespondene between MF and FQ
dynamis of SBTs, we ompare the dynamis of Hamil-
tonians (1) and (2). In Fig. 3, we show the FQ dynam-
is orresponding to Fig. 2. In the FQ system, simi-
lar defet modes appear as damped osillations. How-
ever, their ritial points and osillation regimes are dif-
ferent from the MF ones. First, the FQ defet modes
appear after the ritial point between quasi-degeneray
and non-degeneray, whih is not idential to the MF
ritial point between bi-stability and single-stability [see
panel (b) of Fig. 3℄. Additionally, the FQ defet modes
have β-independent amplitudes [see panel () of Fig. 3℄.
Furthermore, starting from a ground state in the single-
stable region, the MF defet modes will always appear if
the system passes its ritial point. However, if |β| is suf-
iently small, there is no FQ defet mode. That is, the
4FQ system always remains in its instantaneous ground
state. This means that, the MF dynamis well oinides
with the FQ one before the system reahes the rst rit-
ial point and then it breaks down. The MF breakdown
ours at its FQ ritial point if the system goes from
bi-stability to single-stability. In ontrat, the MF break-
down ours at its MF ritial point if the system goes
from single-stability to bi-stability. This anomalous MF
breakdown dependent on approahing diretion diers
from the onventional MF breakdown related to inter-
ation strength and total partile number.
Figure 3: The energy spetrum and FQ dynamis of SBTs
shown in Fig. 2. (a) Energy spetrum of four lowest states
of Hamiltonian (1), (b) and () quantum expetations of the
longitudinal polarization 〈N↑ −N↓〉/2.
To observe the dynamial SBTs, one should prepare a
two-omponent BEC [5℄. The negative EC with all posi-
tive s-wave sattering lengths an be obtained via Fesh-
bah resonanes. To avoid the phase separation indued
by strong inter-omponent repulsion, one has to trap the
BEC within a suiently strong potential. The inter-
omponent oupling an be realized by Raman and/or
radio-frequeny elds, and then the oupling strength is
ontrolled by the eld intensity. By ramping the eld
intensity up or down, one an push the system pass its
ritial points. To detet the longitudinal polarization,
one should ount the atoms in eah omponent via state-
dependent uoresene or spatial imaging.
In onlusion, we have studied both MF and FQ dy-
namis of SBTs in a oupled two-omponent BEC. We
analytially obtain universal KZ salings for MF dynam-
is and numerially explore the orrespondene between
MF and FQ dynamis. The MF dynamis well oin-
ides with the FQ one before reahing the rst ritial
point and then it breaks down. Beause the FQ riti-
al point is not idential to the MF one, the MF break-
down indued by SBTs depends on the approahing di-
retion. In a transition from the normal to polarized
regions, the MF breakdown ours at the MF ritial
point. However, in a transition from the polarized to
normal regions, the MF breakdown ours at the FQ rit-
ial point. This anomalous MF breakdown broadens our
onventional understanding for MF breakdown related to
interation strength and total partile number.
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